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The interacting boson-fermion model (IBFM), with parameters determined from the microscopic
Hartree-Fock-Bogoliubov (HFB) approximation, based on the parametrization D1M of the Gogny
energy density functional (EDF), is employed to study the structural evolution in odd-mass γ-soft
nuclei. The deformation energy surfaces of even-even nuclei, single-particle energies and occupation
probabilities of the corresponding odd-mass systems have been obtained within the constrained
HFB approach. Those building blocks are then used as a microscopic input to build the IBFM
Hamiltonian. The coupling constants of the boson-fermion interaction terms are taken as free
parameters, fitted to reproduce experimental low-lying spectra. The diagonalization of the IBFM
Hamiltonian provides the spectroscopic properties for the studied odd-mass nuclei. The procedure
has been applied to compute low-energy excitation spectra and electromagnetic transition rates,
in the case of the γ-soft odd-mass systems 129−137Ba, 127−135Xe, 129−137La and 127−135Cs. The
calculations provide a reasonable agreement with the available experimental data and agree well
with previous results based on the relativistic mean-field approximation.
I. INTRODUCTION
The microscopic description of odd-mass nuclei is one
of the most challenging topics in today’s low-energy nu-
clear structure physics [1]. In those systems, the interplay
between the single-particle and collective degrees of free-
dom plays a key role. Among the theoretical approaches
that are nowadays becoming a standard tool for micro-
scopic nuclear structure studies are, the large-scale Shell
Model (SM) [2] and self-consistent mean-field (SCMF)
methods based on nuclear energy density functionals
(EDFs) [3–6]. These theoretical approaches have already
been successfully employed in the study of the proper-
ties of even-even nuclei. However, a systematic investi-
gation of odd-mass nuclei, particularly in the medium-
and heavy-mass regions of the nuclear chart, still repre-
sents a major computational challenge.
On the one hand, the SM framework includes the rele-
vant nuclear correlations via the diagonalization of the ef-
fective Hamiltonian, defined in a given valence space, and
allows a direct access to spectroscopic properties. How-
ever, in heavy and/or open-shell nuclei, the dimension of
the SM Hamiltonian matrix becomes too large so as to
make the approach computationally less feasible. On the
other hand, the SCMF methods allow a global descrip-
tion of the intrinsic properties all over the nuclear chart.
Nevertheless, in order to describe spectroscopic proper-
ties, one has to go beyond the mean-field level to include
dynamical correlations arising from the restoration of the
(spontaneously) broken symmetries and/or fluctuations
in the collective parameters. This can be done within
the framework the symmetry-projected generator coor-
dinate method (GCM) [3, 4, 6, 7]. For odd-mass nuclei,
however, the GCM framework should be extended to ex-
plicitly take into account both the time-odd fields and
the effect of blocking at each deformation on the energy
surface of a given nuclear system [8]. Such a calculation,
however, tends to be highly demanding from a computa-
tional point of view and indeed has been mainly limited
to light nuclei [8, 9].
The computational difficulties already mentioned, sug-
gest the exploration of alternative schemes that can be
used for odd-mass nuclei with arbitrary masses. Ex-
amples of such approaches are, the particle-vibration
coupling scheme [1, 10] based on both nonrelativistic
[11–14] and relativistic [15, 16] EDFs as well as the
symmetry-based approaches [17–21]. Here, we also men-
tion other fully-microscopic approaches to odd-nucleon
systems such as coupled-cluster calculations [22] and the
equation of motion phonon method [23, 24]. Such ap-
proaches resort to realistic nucleon-nucleon interactions
though they have so far been limited to light nuclear sys-
tems.
Recently, a method has been developed to describe
odd-mass nuclear systems [25], based on the nuclear EDF
framework and the particle-core coupling scheme. In
this case, the even-even core is described in terms of
bosonic degrees of freedom, i.e., the interacting boson
model (IBM) [26], and the particle-boson coupling is
taken into account within the interacting boson-fermion
model (IBFM) [19]. The quadrupole deformation energy
surfaces for the even-even boson-core nucleus, the single-
particle energies as well as the occupation numbers for
the considered odd-mass system are all computed within
the SCMF method based on a given nuclear EDF. They
are then used as a microscopic input to determine the
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2boson-core Hamiltonian and the boson-fermion interac-
tion terms. The coupling constants of the boson-fermion
interaction are the only free parameters, which are ad-
justed to selected spectroscopic data. The method has
already been tested for axially-deformed odd-mass Sm
and Eu [25, 27, 28] and γ-soft odd-mass Ba, Xe, La and
Cs nuclei in the A ≈ 130 mass region [29] using the rel-
ativistic DD-PC1 [30] and the Gogny EDFs. It has been
shown, that the method works equally well regardless of
the underlying EDF used as microscopic input.
In this paper, we consider the structural evolution be-
tween nearly spherical and γ-soft shapes in the case of
odd-mass Ba, Xe, La and Cs nuclei with A ≈ 130. As
will be shown later on in this paper our results, based on
the Gogny-EDF, exhibit a similar level of agreement with
the experiment as the ones obtained in Ref. [29] corrob-
orating the validity of the method also for γ-soft nuclei.
Once again, both relativistic and/or non-relativistic EDF
produce equivalent results.
Until now, a number of purely phenomenological IBFM
calculations have already been performed in this mass
region [31–37]. A virtue of the present approach is
that, though its applicability is currently limited to nu-
clei where spectroscopic data are available, the boson-
core Hamiltonian, single-particle energies and occupa-
tion probabilities of the considered odd-mass systems are
completely determined by fully microscopic SCMF calcu-
lations. We compare our results with those obtained in
the phenomenological IBFM studies already mentioned.
The paper is organized as follows. In Sec. II, we briefly
outline the method employed and discuss the parameters
of the IBFM Hamiltonian. The results for the even-even
boson core nuclei 128−136Ba and 126−134Xe are presented
in Sec. III. In particular, we discuss the corresponding
mean-field and (mapped) IBM energy surfaces as well
as the low-energy excitation spectra. The spectroscopic
properties of the odd-mass nuclei 129−137Ba, 127−135Xe,
129−137La and 127−135Cs are presented in Sec. IV where,
the computed low-energy positive- and negative-parity
excitation spectra, B(E2) transition strengths, spectro-
scopic quadrupole and magnetic moments are discussed
and compared with the available experimental data. We
end up this section with a detailed analysis of the exci-
tation spectrum and electromagnetic properties for a few
selected nuclei for which experimental data are available.
Finally, Sec. V is devoted to the conclusions and work
perspectives.
II. DESCRIPTION OF THE MODEL
In this section, we briefly outline the theoretical frame-
work used in this study [25]. We also discuss the param-
eters of the IBFM Hamiltonian employed in the calcula-
tions.
The IBFM Hamiltonian, used to describe the stud-
ied odd-mass nuclei, consists of three terms, i.e, the
even-even boson core or Interacting Boson Model (IBM)
Hamiltonian HˆB , the single-particle Hamiltonian for un-
paired fermions HˆF and the boson-fermion coupling term
HˆBF
Hˆ = HˆB + HˆF + HˆBF . (1)
The building blocks of the IBM are the s and d bosons,
which represent the collective pairs of valence nucleons
[38] coupled to angular momentum Jpi = 0+ and 2+, re-
spectively. The number of bosons NB and fermions NF
are assumed to be conserved separately. We restrict our-
selves to the simplest case NF = 1, where contributions
from three or higher quasiparticle configurations are not
included. In addition, no distinction is made between
neutron and proton bosons.
The IBM Hamiltonian HˆB reads
HˆB = dnˆd + κQˆB · QˆB , (2)
and is given in terms of the d-boson number operator
nˆd = d
† · d˜, and the quadrupole operator QˆB = s†d˜ +
d†s˜+ χ[d† × d˜](2). The quantities d, κ, and χ represent
parameters of the Hamiltonian HˆB .
On the other hand, the single-fermion Hamiltonian
takes the form
HˆF =
∑
j
j [a
†
j × a˜j ](0) (3)
where a†j is the fermion creation operator for the orbital j
and j stands for the corresponding single-particle energy.
For the boson-fermion coupling Hamiltonian HˆBF we
have employed the simplest possible form that has been
shown to be most relevant in the phenomenological stud-
ies of Ref [19]:
HˆBF =
∑
jj′
Γjj′QˆB · [a†j × a˜j′ ](2)
+
∑
jj′j′′
Λj
′′
jj′ : [[d
† × a˜j ](j′′) × [a†j′ × d˜](j
′′)](0) :
+
∑
j
Aj [a
† × a˜j ](0)nˆd. (4)
The first, second and third terms are referred to as the
dynamical quadrupole, exchange, and monopole interac-
tions, respectively. For the strength parameters Γjj′ , Λ
j′′
jj′
and Aj we have used the following expressions which were
derived within the generalized seniority scheme [18]:
Γjj′ = Γ0γjj′ (5)
Λj
′′
jj′ = −2Λ0
√
5
2j′′ + 1
βjj′′βj′j′′ (6)
Aj = −A0
√
2j + 1 (7)
The quantities γjj′ = (ujuj′ − vjvj′)Qjj′ and βjj′ =
(ujvj′ + vjuj′)Qjj′ , are given in terms of the occupa-
tion probabilities uj and vj for the orbital j (satisfying
u2j + v
2
j = 1) and the matrix element of the quadrupole
3operator in the single-particle basis Qjj′ = 〈j||Y (2)||j′〉.
Furthermore, Γ0, Λ0 and A0 denote strength parameters.
For a detailed account of the formulas in Eqs. (4)-(7), as
well as a discussion of relevant applications to odd-mass
nuclei, the reader is referred to Ref. [18].
The first step to build the full IBFM Hamiltonian, Hˆ
Eq. (1), is to fix the parameters of the IBM Hamilto-
nian HˆB by using the fermion-to-boson mapping proce-
dure developed in Refs. [39, 40]. Within this context,
the fermionic (β,γ)-deformation energy surface, obtained
via mean-field calculations based on the parametrization
D1M [41] of the Gogny-EDF, is mapped onto the ex-
pectation value of HˆB in the boson condensate state as
defined in Ref [42]. This procedure completely deter-
mines the parameters d, κ and χ. Calculations have
also been carried out with the parametrization D1S [43]
of the Gogny-EDF. However, as the results turn out to be
rather similar to the ones provided by the Gogny-D1M
EDF, we will just discuss the latter in this work.
For a more detailed account of the constrained Gogny-
HFB approximation the reader is referred to Refs. [44,
45]. Details of the fermion-to-boson mapping procedure
for even-even system can be found in Refs. [39, 40]. The
parameters derived for the considered boson-core nuclei
128−136Ba and 126−134Xe are listed in Table I.
TABLE I. Parameters of the boson Hamiltonian HˆB for
128−136Ba and 126−134Xe. The values of d and κ are in MeV,
while χ is dimensionless.
d κ χ
128Ba 0.120 -0.080 -0.14
130Ba 0.150 -0.081 -0.16
132Ba 0.265 -0.081 -0.10
134Ba 0.620 -0.083 -0.37
136Ba 1.000 -0.090 -0.80
126Xe 0.245 -0.079 -0.13
128Xe 0.280 -0.079 -0.22
130Xe 0.375 -0.081 -0.12
132Xe 0.620 -0.086 -0.30
134Xe 1.000 -0.090 -0.87
For all the nuclei considered in this work 129−137Ba,
127−135Xe, 129−137La and 127−135Cs we have considered
as the fermion valence space (neutrons for Ba and Xe
and protons for La and Cs), all the spherical single-
particle orbitals between magic numbers 50 and 82, i.e.,
3s1/2, 2d3/2, 2d5/2 and 1g7/2 for positive-parity states
and 1h11/2 for negative-parity states. The single-particle
energies j and the occupation probabilities v
2
j are ob-
tained from Gogny-D1M HFB calculations at the spher-
ical configuration [25]. In those calculations, for a given
odd-mass nucleus with the odd neutron (proton) number
N0 (Z0), the standard even number parity constrained
Gogny-HFB approach (i.e., without blocking) has been
employed but using N0 (Z0) for the neutron (proton)
number constraint. The single-particle energies and oc-
cupation probabilities obtained for the considered odd-A
nuclei, are shown in Figs. 1 and 2, respectively.
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FIG. 1. (Color online) The single-particle energies corre-
sponding to the 3s1/2, 2d3/2, 2d5/2, 1g7/2 and 1h11/2 orbitals
employed in the present study (denoted as “D1M”) for the
considered odd-mass nuclei are plotted with respect to the
2d3/2 single-particle level. Results from Ref. [29] are also in-
cluded in the plot (denoted as “DD-PC1”).
The coupling constants of the boson-fermion interac-
tion term HˆBF (Γ0, Λ0 and A0) are treated as free param-
eters. They are fitted, for each nucleus and separately for
positive- and negative-parity states, to a few experimen-
tal excitation spectra [25]. The single-particle energies
calculated within the Gogny-HFB method are somewhat
at variance with those employed in purely phenomeno-
logical IBFM studies in this mass region [33, 34, 36]. For
instance, in Ref. [36] for the odd-A Ba and Xe nuclei, the
3s1/2 orbital lies around 0.4 MeV below the 2d3/2 orbital.
In the present study, on the other hand, the two orbitals
are nearly degenerated as can be seen from Figs. 1(a) and
1(b). In order to better reproduce the ordering of the en-
ergy levels, we have assumed that the monopole strength
parameter for the positive-parity states, denoted by A+0 ,
is allowed to be j dependent, i.e., A+0 ≡ A′j . A similar
assumption was made in the previous study [29].
The fitted strength parameters of the boson-fermion
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FIG. 2. (Color online) The same as in Fig. 1, but for occupa-
tion probabilities of the 3s1/2, 2d3/2, 2d5/2, 1g7/2 and 1h11/2
orbitals.
interaction terms Γ±0 and Λ
±
0 are plotted in Figs. 3 and 4,
respectively. On the other hand, the monopole strength
parameters A′j are listed in Table II. The behavior of
some of the fitted parameters, as functions of the nu-
cleon number, reflects structural changes along a given
isotopic chain. For instance, one observes kinks in the
Γ+0 values for the odd-A La and Cs around the neutron
number N = 78 (Figs. 3(c) and 3(d)) and in the Λ+0 ones
for the odd-A Ba and Xe around N = 79 (Fig. 4(a) and
4(b)). As will be shown, this is supported by the de-
formation energy surfaces for the boson-core nuclei with
those neutron numbers exhibiting flat-bottomed poten-
tial characteristic of transitional systems (see, Figs. 5 and
6).
Here, we briefly summarize some differences and sim-
ilarities between the IBFM parameters employed in the
present study and those obtained in Ref. [29]:
• Major differences are found in the parameters d
and κ of the IBM Hamiltonian obtained in this
work and the ones of Ref. [29]. In particular, the
value of d (κ) used in Ref. [29] is significantly
smaller (larger) than the one obtained in this work.
To a large extent, these differences reflect the ones
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FIG. 3. (Color online) The strength parameter Γ0 Eq. (5)
(denoted by “D1M”) is plotted for both positive- (Γ+0 ) and
negative-parity (Γ−0 ) states. Results from Ref. [29] are also
included in the plot (denoted as “DD-PC1”).
between the Gogny-D1M and DD-PC1 energy sur-
faces.
• From the comparison of the single-particle energies
in Figs. 1(a) and 1(b), one realizes that the ordering
of the 3s1/2 and 2d3/2 orbitals is different for the
Gogny-D1M and the relativistic DD-PC1 EDFs. In
addition, all five Gogny-D1M single-particle levels
lie closer to each other than those provided by the
DD-PC1 EDF [29].
• As seen from Fig. 2(a) and 2(b), the occupation
probabilities v2j for the odd-A Ba and Xe nuclei are
similar for both Gogny-D1M and DD-PC1 results,
except for the v2s1/2 values. On the other hand, for
the odd-A La (Fig. 2(c)) and Cs (Fig. 2(d)) nuclei,
the values of v2g7/2 and v
2
d5/2
are substantially dif-
ferent from those obtained with the DD-PC1 EDF.
• As can be seen from Figs. 3 and 4, similar val-
ues are obtained for the parameters Γ−0 and Λ
−
0
as compared to the ones in Ref. [29]. There are,
however, considerable differences in the Γ+0 and Λ
+
0
values. This reflects the quantitative differences in
the j and v
2
j values provided by the Gogny-D1M
and DD-PC1 approaches. On the other hand, the
A′j values are generally smaller in magnitude than
50
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FIG. 4. (Color online) The same as in Fig. 3, but for the
strength parameter Λ0 of the exchange term Eq. (6).
TABLE II. The strength parameters of the monopole terms
A′j . All entries are in MeV.
A′1/2 A
′
3/2 A
′
5/2 A
′
7/2 A
′
11/2
129Ba -0.23 -0.58
131Ba
133Ba
135Ba -0.35 -0.5
137Ba -1.2 -0.3
127Xe -0.22 -0.64
129Xe -0.10
131Xe
133Xe -0.25 -0.15
135Xe -1.5 -0.15
129La -0.35 -0.40
131La -0.40
133La -0.22
135La -0.25
137La -0.10
127Cs -0.05
129Cs -0.94
131Cs -0.25
133Cs -0.30 -0.35
135Cs -0.90
those in Ref. [29] (see Table II and Tables IV and
V in Ref. [29]).
Once all the building blocks of the IBFM Hamiltonian
Hˆ Eq. (1) are determined, this Hamiltonian is diagonal-
ized in the spherical basis |j, L, α, J〉 [46], where L and J
stand for the angular momenta of the boson and boson-
fermion systems, respectively. On the other hand, α rep-
resents a set of U(5) quantum numbers [26]. Note, that
the selection rule |L− j| ≤ J ≤ L + j must be satisfied.
The wave functions resulting from the diagonalization
of Hˆ are then used to compute electromagnetic proper-
ties, such as electric quadrupole (E2) and magnetic dipole
(M1) transitions.
The E2 transition operator reads
Tˆ (E2) = eˆBQˆB − eF
∑
jj′
1√
5
γjj′ [a
† × a˜j′ ](2), (8)
where the first and second terms represent the boson and
fermion E2 operators, respectively. In Eq. (8), QˆB is the
quadrupole operator already defined in Eq. (2) with the
same value of the parameter χ. The effective bosonic
charge eB is fitted, for each nucleus, to reproduce the
experimental B(E2; 2+1 → 0+1 ) value of the corresponding
even-even boson-core. On the other hand, the effective
fermionic charge eF is taken separately for proton (pi)
and neutron (ν) as epiF = 0.25 eb and e
ν
F = 0.125 eb [29].
The M1 transition operator is given by
Tˆ (M1) =
√
3
4pi
(Tˆ
(M1)
B + Tˆ
(M1)
F ). (9)
where Tˆ
(M1)
B = gBLˆ, with Lˆ =
√
10[d† × d˜](1) being
the boson angular momentum operator and the gyro-
magnetic factor gB = µ2+1
/2 given in terms of the mag-
netic moment µ2+1
of the 2+1 state of the even-even nu-
cleus. The corresponding experimental value has been
used for µ2+1
. The fermionic part Tˆ
(M1)
F takes the form
[18]
Tˆ
(M1)
F = −
∑
jj′
gjj′
√
j(j + 1)(2j + 1)
3
[a†j × a˜j′ ](1), (10)
with the coefficients gjj′ given by
gjj′ =

(2j−1)gl+gs
2j (j = j
′ = l + 12 )
(2j+3)gl−gs
2(j+1) (j = j
′ = l − 12 )
(gl − gs)
√
2l(l+1)
j(j+1)(2j+1)(2l+1) (j
′ = j − 1; l = l′)
(11)
where l represents the orbital angular momentum of
the single-particle state. The fermion gl and gs gyro-
magnetic factors take the usual Schmidt values gl = 1.0
µ2N and gs = 5.58 µ
2
N for the proton and gl = 0 and
gs = −3.82 µ2N for the neutron. The gs value has been
quenched by 30 % for both the protons and neutrons
[25, 47].
6III. RESULTS FOR THE EVEN-EVEN CORE
NUCLEI
In this section, we show that the IBM Hamiltonian,
with the parameters determined by mapping the Gogny-
D1M energy surface onto the expectation value of that
Hamiltonian, provides a reasonable description of the
considered even-even core nuclei.
The (β, γ)-deformation energy surfaces obtained for
the nuclei 128−136Ba and 126−134Xe within the con-
strained Gogny-D1M HFB method are shown in Fig. 5.
They suggest structural evolution from notably γ-soft
(128,130Ba and 126,128Xe) to nearly spherical (136Ba and
134Xe) shapes. There are also transitional regions around
132,134Ba and 130,132Xe. In many cases, one observes a
shallow triaxial minimum with γ = 0◦ − 20◦. In general,
the Gogny-D1M surfaces for the Xe nuclei look softer
along the γ-direction than those for the Ba neighbors.
Of particular interest is 134Ba, identified as the first
empirical evidence [49] of the E(5) critical-point symme-
try [50] of the second-order quantum phase transition
between spherical vibrational U(5) and γ-soft O(6) dy-
namical symmetries. The E(5) model is derived from the
five-dimensional collective Hamiltonian using a collective
potential with an infinite square-well along β and inde-
pendent of the γ deformation [50]. As can be seen from
Fig. 5, the Gogny-D1M energy surface for 134Ba looks
almost flat for 0 ≤ β ≤ 0.15. It is also flat along the γ
direction. In fact, among all the studied even-even Ba
and Xe nuclei, it is the one that best resembles the E(5)-
potential. Note, that the Gogny-D1M energy surfaces
depicted in Fig. 5 are, rather similar to those obtained
within the relativistic framework based on the DD-PC1
[30] EDF (see, Ref. [29]).
The mapped IBM surfaces are displayed in Fig. 6.
They exhibit a similar systematic trend, as functions of
the neutron number, as the original Gogny-D1M energy
surfaces in Fig. 5. Despite the fact that only three pa-
rameters (d, κ and χ) have been introduced to deter-
mine the IBM Hamiltonian, the mapped surfaces repro-
duce the most relevant feature of the Gogny-D1M ones:
γ-softness in the vicinity of the minimum. On the other
hand, several discrepancies are also observed. At vari-
ance with the mean-field ones, the IBM surfaces are gen-
erally flat far from the minimum, i.e., β ≥ 0.2. One of
the reasons for the discrepancy could be that we have
paid much attention to reproducing the topology of the
Gogny-D1M energy surface in the neighborhood of the
minimum as we expect that configurations around the
minimum would be the most relevant for the low-energy
collective dynamics. Another reason is that, like in pre-
vious studies, the present IBM framework only comprises
limited types (i.e., Jpi = 0+ and 2+) as well as number
of valence nucleon pairs. Furthermore, it employs the
simplified form of the Hamiltonian Eq. (2), whereas the
HFB framework contains more degrees of freedom and,
as a consequence, provides energy surfaces far richer in
topology than the IBM ones. Moreover, in the case of
lighter Ba and Xe isotopes, the IBM surfaces do not re-
produce the shallow triaxial minimum that is found in
the Gogny-D1M ones, but exhibit a minimum only at
γ = 0◦. This is because, as seen from the analytical ex-
pression of the energy surface [42], any two-body IBM-1
Hamiltonian never gives rise to a triaxial minimum. To
produce such a minimum, it is necessary to include a
three-body boson term [51]. Such a term is also impor-
tant to better describe γ-band levels, while it makes a
marginal contribution to the ground-state band. For this
reason, and for the sake of simplicity, we have not taken
it into account in the considered IBM Hamiltonian.
Even though the deformation energy surfaces provide
useful information about shape phase transitions at the
mean-field level, a more quantitative analysis requires the
computation of spectroscopic properties. To this end, in
Fig. 7 we have plotted the low-energy spectra obtained
for the considered even-even Ba and Xe nuclei as func-
tions of the neutron number. They are compared with
the available experimental data [48]. Our results for the
low-lying excitation spectra (panels (a) and (c) of Fig. 7)
exhibit, a reasonable agreement with the experimental
ones (see, panels (b) and (d)), exception made of the
overestimation of the 6+1 level at N = 80. The spectra
predicted for even-even Ba nuclei exhibit a steady in-
crease with neutron number (see, Fig. 7(a)). The near
doublet (4+1 , 2
+
2 ), which is seen for 72 ≤ N ≤ 78, sug-
gests γ-softness. At N = 80, one notices the (4+1 , 2
+
2 ,0
+
2 )
triplet, characteristic of a vibrational nucleus. As seen
from Fig. 7(c), a similar overall trend has been obtained
for even-even Xe nuclei. Though the spectra obtained in
Ref. [29] are similar, they are more stretched than those
obtained in the present work.
IV. RESULTS FOR THE ODD-A NUCLEI
In this section, we turn our attention to the odd-mass
nuclei 129−137Ba, 127−135Xe, 129−137La and 127−135Cs.
We discuss the overall trend of the computed excitation
spectra (Sec. IV A) as well as electromagnetic transitions
(Sec. IV B) in each isotopic chain as functions of the nu-
cleon number. We then present more detailed spectro-
scopic results for some selected nuclei (Sec. IV C).
A. Systematics of low-energy spectra
In Figs. 8 to 11, the low-energy positive- and negative-
parity excitation spectra obtained for the considered odd-
mass Ba, Xe, La and Cs nuclei are depicted as functions
of the neutron number. They have been obtained via the
diagonalization of the IBFM Hamiltonian with the pa-
rameters shown in Tables I and II (see also, Figs. 1-4).
For each isotopic chain, the predicted spectra are com-
pared with the available experimental values in Ref. [48].
Those spectra are in reasonable good agreement with the
experiment.
7FIG. 5. (Color online) The Gogny-D1M energy surfaces for the even-even nuclei 128−136Ba (upper panel) and 126−134Xe (lower
panel) are plotted up to 3 MeV above the absolute minimum. The difference between neighboring contours is 100 keV.
FIG. 6. (Color online) The same as in Fig. 5, but for the mapped IBM energy surfaces.
One signature of structural evolution in odd-mass nu-
clei is given by a change in the ground state spin. For
example, the positive-parity levels corresponding to Ba
isotopes in Figs. 8(a) and 8(b), display a ground state
spin change from Jpi = 1/2
+
to 3/2
+
at N = 79. Both
theoretically and experimentally, the 7/2
+
1 and 9/2
+
1 lev-
els at N = 73 are significantly lower in energy with
respect to the neighboring isotope 131Ba. This is the
consequence of the fact that the 1g7/2 single-particle or-
bital becomes lower and closer in energy to the 3s1/2 and
2d3/2 orbitals at N = 73. The 7/2
+
1 and 9/2
+
1 states
obtained in the calculations are almost purely (96 % and
97 %, respectively) composed of the 1g7/2 configuration.
Furthermore, the negative-parity spectra in Figs. 8(c)
and 8(d) suggest a change in the ground-state spin from
N = 75 to 77. Similar results are obtained for Xe isotopes
(see, Fig. 9). In the case of 129−137La (Figs. 10(a) and
10(c)) and 127−135Cs (Figs. 11(a) and 11(c)), a reasonable
agreement with the experimental data is also observed.
Both the theoretical and experimental systematics of the
positive-parity states for La (Figs. 10(a) and 10(b)) and
Cs (Figs. 11(a) and 11(b)) nuclei, show many levels with
very low excitation energy (below Ex ≈ 0.2 MeV) at
N ≈ 76 . This reflects structural changes around this
neutron number. Indeed, the Gogny-D1M energy sur-
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FIG. 7. (Color online) The low-energy excitation spectra ob-
tained for 128−136Ba and 126−134Xe are plotted as functions of
the neutron number N . Experimental data have been taken
from Ref. [48].
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FIG. 8. (Color online) The low-energy positive- (pi = +1) and
negative-parity (pi = −1) excitation spectra in the odd-mass
isotopes 129−137Ba are plotted as functions of the neutron
numberN . Experimental data have been taken from Ref. [48].
faces for the corresponding even-even Ba and Xe nuclei
around N ≈ 76 suggest that it corresponds to the tran-
sition point between nearly spherical and γ-soft shapes
(see, Fig. 5).
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FIG. 9. (Color online) The same as in Fig. 8, but for the
odd-mass Xe isotopes.
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FIG. 10. (Color online) The same as in Fig. 8, but for the
odd-mass La isotopes.
B. Systematics of electromagnetic properties
The B(E2) transition rates between low-lying positive-
parity states where experimental data are available are
shown in Fig. 12. For each of the considered isotopic
chains, the B(E2) values increase as the valence nu-
cleon number increases reflecting the development of
quadrupole collectivity in the corresponding even-even
systems. The computed B(E2) values appear to be in
a reasonable agreement with the experiment. However,
the B(E2; 5/2
+
1 → 1/2+1 ) in odd-mass La nuclei (panel
(c) of Fig. 12), for example, decreases (dotted line) while
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FIG. 11. (Color online) The same as in Fig. 8, but for the
odd-mass Cs isotopes.
experimentally (triangle) it increases from N = 74 to 78.
The analysis of the compositions of the wave functions
reveals that the 5/2
+
1 and 1/2
+
1 states are rather similar
in structure for the odd-A La isotopes with N ≤ 76 (both
are mainly composed of the 2d5/2 single-particle config-
uration) leading to large E2 matrix elements. On the
other hand, for La isotopes with N ≥ 78 the computed
wave functions have rather different compositions, i.e.,
the dominant components of the 5/2
+
1 and 1/2
+
1 states
are the 1g7/2 and 2d5/2 configurations, respectively.
In Fig. 13 the predicted spectroscopic quadrupole QJ
moments corresponding to the 3/2
+
1 and 11/2
−
1 states of
the odd-mass Ba (panel (a)) and Xe (panel (b)) nuclei
are plotted as functions of the neutron number. The
spectroscopic quadrupole moments associated with the
5/2
+
1 and 7/2
+
1 states of the odd-mass La (panel (c))
and Cs (panel (d)) nuclei are also shown in the plot.
The predicted QJ values agree reasonably well with the
available experimental data [52] exception made of the
lighter (N = 75 and 77) Xe isotopes.
The magnetic moments µ1/2+1
, µ3/2+1
and µ11/2−1
ob-
tained for the odd-A Ba (panel (a)) and Xe (panel (b))
nuclei are plotted in Fig. 14. The µ1/2+1
, µ5/2+1
and µ7/2+1
moments obtained for the odd-mass La (panel (c)) and Cs
(panel (d)) nuclei are also included in the plot. The com-
parison with the available experimental data [52] reveals
a reasonable agreement both in magnitude and sign.
C. Detailed level schemes of selected odd-A nuclei
In this section, we consider a selected set of odd-mass
nuclei with available experimental data. For those nu-
clei we present more detailed level schemes and electro-
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FIG. 12. (Color online) The transition probabili-
ties B(E2; 3/2+1 → 1/2+1 ), B(E2; 5/2+1 → 1/2+1 ) and
B(E2; 5/2+1 → 3/2+1 ) obtained for the odd-mass nuclei
129−137Ba (a) and 127−135Xe (b), and the transition prob-
abilities B(E2; 5/2+1 → 1/2+1 ), B(E2; 7/2+1 → 3/2+1 ) and
B(E2; 7/2+1 → 5/2+1 ) obtained for the odd-mass nuclei
129−137La (c) and 127−135Cs (d) are plotted as functions
of the neutron number. The experimental B(E2; 3/2+1 →
1/2+1 ) (filled circles), B(E2; 5/2
+
1 → 1/2+1 ) (squares),
B(E2; 5/2+1 → 3/2+1 ) (triangles), B(E2; 7/2+1 → 3/2+1 ) (dia-
monds) and B(E2; 7/2+1 → 5/2+1 ) (asterisks) values are taken
from Ref. [48].
magnetic transition rates. In particular, we will consider
135Ba, 129,131Xe, 133La and 131,133Cs taken, as illustra-
tive examples. We will also compare with the results
obtained in Ref. [29]. The positive- and negative-parity
energy spectra provided by our calculations are depicted
in Figs. 15–20. The corresponding B(E2) and B(M1)
values can be found in Tables III–VIII.
Let us first discuss the odd-N nuclei 135Ba and
129,131Xe, where the low-lying states are based mainly
on the 3s1/2, 2d3/2 (for positive-parity) and 1h11/2 (for
negative-parity) single-particle configurations. As can be
seen from Fig. 15, exception made of the 3/2
+
3 and 5/2
+
3
non-yrast states, the positive- and negative-parity en-
ergy spectra obtained for 135Ba compare well with the
experimental ones. Similar results have been obtained in
Ref. [29]. Furthermore, the results obtained in this study
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FIG. 13. (Color online) The spectroscopic quadrupole mo-
ments Q
3/2+1
and Q
11/2−1
obtained for 129−137Ba (a) and
127−135Xe (b) and the spectroscopic quadrupole moments
Q
5/2+1
and Q
7/2+1
obtained for 129−137La (c) and 127−135Cs
(d) are plotted as functions of the neutron number. The ex-
perimental Q
3/2+1
(filled circles), Q
11/2−1
(squares), Q
5/2+1
(di-
amonds) and Q
7/2+1
(asterisks) values are taken from Ref. [52].
TABLE III. Comparison between the theoretical and exper-
imental B(E2) and B(M1) values in 135Ba. Experimental
data are taken from Ref. [48].
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
1/2+1 → 3/2+1 14 4.6(2) 0.0010 0.0025(11)
1/2+2 → 3/2+1 7.2 11.7(10)
3/2+2 → 3/2+1 7.5 18.0(10)
3/2+3 → 3/2+1 1.1 7.0(10)
5/2+1 → 1/2+1 1.4 2.6(5)
5/2+1 → 3/2+1 43 28.3(10) 3.7×10−5 0.0042(20)
7/2+1 → 3/2+1 29 19.9(8)
7/2+1 → 5/2+1 25 12.8(12) 0.0015 0.0032(3)
for the B(E2) and B(M1) transition probabilities are in
a slightly better agreement with the experimental data
than those in Ref. [29].
For both 129Xe (Fig. 16) and 131Xe (Fig. 17), we
have obtained a good overall agreement with the ex-
periment. However, the predicted positive-parity levels
are more stretched than the experimental ones. Sim-
ilar results have been found for 129Xe in Ref. [29].
From Tables IV and V one realizes, that the predicted
1.5
1.0
0.5
0.0
0.5
1.0
1.5
µ
J
 (
µ
2 N
)
(a) Odd Ba
1/2+1
3/2+1
11/2−1
73 75 77 79 81
Neutron Number
1.5
1.0
0.5
0.0
0.5
1.0
1.5
µ
J
 (
µ
2 N
)
(b) Odd Xe
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
µ
J
 (
µ
2 N
)
(c) Odd La
1/2+1
5/2+1
7/2+1
72 74 76 78 80
Neutron Number
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
µ
J
 (
µ
2 N
)
(d) Odd Cs
FIG. 14. (Color online) The magnetic moments µ
1/2+1
, µ
3/2+1
and µ
11/2−1
obtained for 129−137Ba (a) and 127−135Xe (b) and
the magnetic moments µ
1/2+1
, µ
5/2+1
and µ
7/2+1
obtained for
129−137La (c) and 127−135Cs (d) are plotted as functions of the
neutron number. The experimental µ
1/2+1
(filled triangles),
µ
3/2+1
(circles), µ
11/2−1
(squares), µ
5/2+1
(diamonds) and µ
7/2+1
(asterisks) are taken from Ref. [52].
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FIG. 15. (Color online) Detailed level scheme for the low-
energy positive- and negative-parity states in 135Ba. Experi-
mental data are from Ref. [48].
B(E2) and B(M1) transition rates compare well with
the experimental ones. However, major discrepancies
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TABLE IV. The same as in Table III, but for 129Xe.
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
1/2+2 → 1/2+1 0.011 0.0016(5)
1/2+2 → 3/2+1 14 6.7(23) 0.031 0.0039(13)
1/2+2 → 3/2+2 0.011 0.0015(5)
1/2+2 → 5/2+1 1.6 1.4(6)
3/2+1 → 1/2+1 16 9(4) 0.035 0.0281(7)
3/2+2 → 1/2+1 25 23+25−23
3/2+2 → 3/2+1 36 17+27−17 0.0078 0.003+4−3
3/2+3 → 1/2+1 7.8 >0.2 0.017 >0.0001
3/2+3 → 1/2+2 2.2 >5.9 0.0048 >0.0026
3/2+3 → 3/2+1 9.7 >1.6 0.0083 >0.00071
3/2+3 → 3/2+2 0.80 >3.4 0.015 >0.00037
3/2+3 → 5/2+1 3.8 >4.6 0.0083 >0.0005
5/2+1 → 1/2+1 19 21(4)
5/2+1 → 3/2+1 38 5×101(4) 0.027 0.011(5)
5/2+4 → 1/2+1 0.00014 15.4(19)
are observed for B(E2; 5/2
+
4 → 1/2+1 ) in 129Xe and
B(E2; 7/2
−
1 → 11/2−1 ) in 131Xe. The disagreement can
be traced back to the structure of the IBFM wave func-
tions. The 1/2
+
1 and 5/2
+
4 states in
129Xe are dominated
by the 3s1/2 and 2d3/2 configurations, respectively, lead-
ing to rather weak E2 transitions. On the other hand,
the negative-parity states are accounted for only by the
1h11/2 configuration. Therefore, the rather small exper-
imental B(E2; 7/2
−
1 → 11/2−1 ) transition probability in
131Xe might suggest that some additional contributions,
from outside of the employed IBFM model space, should
still be taken into account. Indeed, even purely phe-
nomenological IBFM calculations [37] do not reproduce
the B(E2; 7/2
−
1 → 11/2−1 ) transition rate in 131Xe. Note,
that the B(E2) and B(M1) transition rates for 129Xe are
similar to the ones obtained in Ref. [29].
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FIG. 17. (Color online) The same as in Fig. 15, but for 131Xe.
TABLE V. The same as in Table III, but for 131Xe.
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
1/2+1 → 3/2+1 13 <37 0.00021 >0.032
5/2+1 → 1/2+1 6.7 7.64(24)
5/2+1 → 3/2+1 36 27.8(9) 0.0013 0.00030(3)
3/2+2 → 1/2+1 18 24+26−24 0.0015 0.006(5)
3/2+2 → 1/2+1 9.8 3.×101(3) 0.00019 0.006(6)
3/2+3 → 3/2+1 7.2 10(6) 0.95 0.014(4)
1/2+2 → 3/2+3 1.5 10(6) 3.1 0.014(4)
7/2+1 → 3/2+2 0.79 1.52(25)
7/2+1 → 5/2+1 6.7 1.6(13) 0.0041 0.00124(18)
7/2+1 → 3/2+1 35 22.2(19)
5/2+2 → 3/2+2 5.7 4+6−4 0.14 0.047(5)
5/2+2 → 1/2+1 30 25.7(25)
5/2+2 → 3/2+1 5.5 4.8(5) 0.035 0.090(9)
7/2+2 → 3/2+1 0.0018 1.6(7)
9/2−1 → 11/2−1 42 39(10) 0.094 0.00010(4)
7/2−1 → 9/2−1 0.050 0.17(6) 0.00010 0.000511(9)
7/2−1 → 11/2−1 35 0.494532(20)
TABLE VI. The same as in Table III, but for 133La.
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
1/2+1 → 3/2+1 3.4 6(3) 0.68 0.017(6)
1/2+1 → 5/2+1 30 0.8(3)
3/2+1 → 5/2+1 32 >35 0.083 >0.026
5/2+2 → 5/2+1 12 2.1(10) 0.14 0.0097(8)
7/2+1 → 5/2+1 24 11(4) 0.00013 0.0052(9)
7/2+1 → 5/2+2 21 6.1(20) 5.9×10−5 0.00068(16)
Let us now discuss the odd-Z nuclei 133La and
131,133Cs. Their low-energy structures are mainly de-
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FIG. 18. (Color online) The same as in Fig. 15, but for 133La.
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FIG. 19. (Color online) The same as in Fig. 15, but for 131Cs.
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TABLE VII. The same as in Table III, but for 131Cs.
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
1/2+1 → 5/2+1 55 69.5(14)
1/2+2 → 1/2+1 0.076 0.0010613(4)
1/2+2 → 3/2+1 6.3 0.09(4) 0.067 3.4× 10−5(10)
1/2+2 → 3/2+2 23 >0.62 0.0045 > 5.8× 10−5
1/2+2 → 5/2+1 0.29 0.028248(4)
1/2+2 → 5/2+2 7.2 0.13835(5)
3/2+1 → 1/2+1 4.9 9(5) 0.35 0.00339(10)
3/2+1 → 5/2+1 28 0.6(6) 0.13 0.00922(5)
3/2+1 → 5/2+2 1.4 >3.9 0.023 > 4.1× 10−5
3/2+1 → 7/2+1 2.8 2.36(3)
3/2+2 → 1/2+1 0.66 2.4(4) 0.031 0.00057(4)
3/2+2 → 3/2+1 2.6 >2.1 0.0057 > 7.8× 10−5
3/2+2 → 5/2+1 1.5 2.4(9) 0.0033 0.00064(20)
3/2+2 → 5/2+2 4.1 0.5(4) 0.0089 0.00071(4)
3/2+2 → 7/2+1 33 0.2122(3)
5/2+2 → 5/2+1 0.49 3.5(3) 0.017 0.000369(17)
5/2+2 → 7/2+1 44 >62 0.0026 < 2.1× 10−5
7/2+1 → 5/2+1 0.0078 0.64(24) 0.0013 0.00170(5)
TABLE VIII. The same as in Table III, but for 133Cs.
B(E2) (W.u.) B(M1) (W.u.)
Th. Expt. Th. Expt.
5/2+1 → 7/2+1 0.49 5.8(4) 0.00086 0.002381(22)
5/2+2 → 7/2+1 23 28.6(18) 0.0022 0.081(4)
5/2+2 → 5/2+1 0.60 1.3×102(3) 0.0024 0.000126(8)
3/2+1 → 5/2+2 0.024 0.12(4) 0.020 0.00070(18)
3/2+1 → 5/2+1 17 0.04+7−4 0.12 0.011(3)
3/2+1 → 7/2+1 1.1 12(3)
1/2+1 → 3/2+1 8.8 >18 0.75 >0.024
1/2+1 → 5/2+2 0.40 >4.8
1/2+1 → 5/2+1 43 >12
11/2+1 → 7/2+1 25 26.1(20)
3/2+2 → 5/2+2 2.7 3.6(23) 0.0060 0.13(4)
3/2+2 → 5/2+1 2.0 1.0×102(7) 0.0046 0.03(3)
3/2+2 → 7/2+1 26 3.4(7)
9/2+2 → 5/2+2 1.8 7.0(17)
7/2+1 → 7/2+3 18 6.5(18) 0.039 0.016(4)
scribed by the 1g7/2 and 2d5/2 (for positive parity)
and 1h11/2 (for negative parity) orbitals weakly coupled
to the corresponding IBM states. The positive- and
negative-parity spectra of 133La are depicted in Fig. 18.
The comparison with the experiment reveals that, as
in Ref. [29], our calculations overestimate the positive-
parity levels above 1 MeV excitation energy. On the
other hand, exception made of the B(E2; 1/2
+
1 → 5/2+1 )
and B(E2; 7/2
+
1 → 5/2+2 ) values, the computed E2 and
M1 transitions listed in Table VI agree reasonably well
with the experiment. Similar results have been obtained
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in Ref. [29].
Finally, a reasonable agreement between the computed
and the experimental spectra is observed in the case of
131Cs (Fig. 19) and 133Cs (Fig. 20). As with 133La,
the positive-parity states with excitation energy above
1 MeV are overestimated. The calculated B(E2) and
B(M1) transition rates, shown in Table VII (for 131Cs)
and VIII (for 133Cs), compare reasonably well with the
experimental ones. Note, that the predicted E2 and M1
transition rates agree well with the results of Ref. [29].
V. SUMMARY AND CONCLUDING REMARKS
In this work, we have studied the spectroscopic prop-
erties of the odd-mass γ-soft nuclei 129−137Ba, 127−135Xe,
129−137La and 127−135Cs in terms of the IBFM with
the Hamiltonian constructed using the microscopic in-
put provided by the Gogny-D1M HFB approximation.
The (β, γ)-deformation energy surfaces for the even-even
core nuclei, spherical single-particle energies and occu-
pation numbers for the corresponding odd-mass systems
have been computed within the SCMF method, and these
quantities have been used to build the IBFM Hamiltonian
[25]. The coupling constants of the boson-fermion inter-
action terms have been fitted to experimental spectra.
The IBFM Hamiltonian has been then used to compute
spectroscopic properties of the considered odd-mass sys-
tems.
For the even-even isotopes 128−136Ba and 126−134Xe,
the (β, γ)-deformation energy surfaces suggest the empir-
ically observed structural evolution from γ-soft to nearly
spherical shapes as functions of the neutron number. Our
(mapped) IBM calculations reproduce the experimen-
tal low-energy excitation spectra in both even-even Ba
and Xe nuclei reasonably well. Furthermore, the IBFM
calculations provide a reasonable agreement with the
available experimental data for the low-energy positive-
and negative-parity states as well as the electromagnetic
transition rates in the case of the odd-mass 129−137Ba,
127−135Xe, 129−137La and 127−135Cs nuclei. We have also
shown that our results are at the same level of accuracy
in reproducing experimental data as those reported in
Ref. [29] on the same set of the odd-mass nuclei but us-
ing the relativistic mean-field approximation. The results
obtained in this study for γ-soft odd-mass nuclei, as well
as the previous ones for the axially-deformed odd-mass
Eu and Sm systems [28], further corroborate the validity
of the employed method [25] based on the Gogny-EDF.
Even though the application of the method in its cur-
rent version is limited to only those nuclei where exper-
imental data are available, the results obtained in this
work are promising and open up the possibility for ex-
ploring odd-mass nuclear systems in other regions of the
nuclear chart. Our next step would be to apply the
present method to neutron-rich odd-mass nuclei, and a
potential target are those with A ≈ 190 − 200, includ-
ing Pt and Os nuclei. They are expected to display a
rich variety of structural phenomena and sufficient ex-
perimental data are already available. Indeed, the cor-
responding even-even nuclei in this mass region exhibit
prolate-oblate shape/phase transitions as well as exam-
ples of γ-softness. It would be, therefore, of interest to
study how the presence of an odd particle affects this
type of shape/phase transition. Work along this line is
in progress, and will be reported elsewhere.
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